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_ecture ODbjectives

v Discuss effects of applying
torsional loading to a long straight
member

v Determine stress  distribution
within the member under torsional
load

v Determine angle of twist when
material behaves in a linear-elastic
and inelastic manner

v Discuss statically indeterminate analysis of shafts and tubes
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_ecture Outline

Torsional Deformation of a Circular Shaft

The Torsion Formula

Power Transmission

Angle of Twist

Statically Indeterminate Torque-Loaded Members
Solid Noncircular Shafts

Thin-Walled Tubes Having Closed Cross Sections
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|_oading Stats

— Axial Tension

The load applied along
its longitudinal axis

Compression

Loading statsgga Bending

The load applied
perpendicular to its

longitudinal axis BUCk”ng
o forsion

Torgque is a moment that
tends to twist a member
about its longitudinal axis
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Torsion Loading

Torsion
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Torsion Loading

Torque is a moment that tends to twist a member about its longitudinal axis.

Cross sections from the ends along the shaft will remain flat, they do not warp or
bulge in or out.

By observation, if the angle of twist is small, the length of the shaft and its radius

Circles remain____
circular

Longitudinal
lines become
twisted

Radial lines

Before deformation remain straight
(a) After deformation
(b)
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Torsion Loading

2N

Shaft is fixed at one end and a
torgue is applied to its other end

—Undeformed
plane

The angle of twist ¢(x) increases as x increases.
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Torsion Loading

Isolate a small element located at a radial distance

(p) from the axis

The front and rear faces of the element will undergo

a rotation: the back face by ¢#(x) and the front face by fiie

HX)+ A w N
- - = — Undeformed
As a result, the difference in these rotations A, / plne

causes the element to be subjected to a shear strain.
before deformation the angle between the edges AB
and AC is 90°;

after deformation, the angle between the edges AD
(deformed edge of AB) and AC is 67;

T,
7=E—9
On the other hand
A¢ Ap—d ¢ d ¢
BD :p.A¢:AX.]/:>]/:pAX o i >]/:p&
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Torsion Loading

IS constant over the cross section

dg
X

d—¢=1=7m“:>y:(£j7
dx p ¢ c) ™

The results obtained here are also valid for

circular tubes.
The shear strain at points on
the cross section increases linearly
with p, i.e., y=(p/€)Ymax-
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The Torsion Formula

If the material is linear-elastic, then Hooke’s law
applies, and consequently a /inear variation in
shear strain, leads to a corresponding /inear
variation in shear stress along any radial line on the
Cross section. -y

1% ' ,
T=|—|T - \
max _ o B 1
s Tn]il.‘(
TS

Hence, t will vary from zero at the shaft’s ="

\

longitudinal axis to a maximum value, at its outer /} (

surface. =
Shear stress varies linearly along
each radial line of the cross section.
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The Torsion Formula

Specifically, each element of area dA , located at p is
subjected to a force of dF=t.dA .The torque produced by
this force is T= p.dF= p.t.dA ,therefore, for the entire
Cross section

T =[prdA = jp.(ﬁj.rmax dA = mex jpz.dA = Trax _Te
A n \C C J
j=|p"dA
A

J: Polar moment of inertia of the shaft’s cross-sectional &= 4 *
area about the shaft’s longitudinal axis } l

Shear stress varies linearly along
each radial line of the cross section.
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The Torsion Formula

Tc T.p

Tonax = ——— T=—"
max
J

used only if :

(1) the shaft is circular;

(2) the material is homogeneous;

(3) behaves in a linear elastic manner.

T max — the maximum shear stress in the shaft, which occurs at the
outer surface
T — the resultant /nternal torque acting at the cross section. Its

value is determined from the method of sections and the
equation of moment equilibrium applied about the shaft’s
longitudinal axis

J — the polar moment of inertia of the cross-sectional area
C — the outer radius of the shaft
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The Torsion Formula

Polar moment of inertia of the shaft’s cross-sectional area about
the shaft’s longitudinal axis

J :jpz.dA :Ip2.2.7r.p.dp = 2.ﬂjp3.dp
A A A

Solid Shaft Tubular Shaft.
c 47° o i , ,04 Ci cA_ gt
J=2rx p3.dp=2.7{’0—} =T.— J=2rx|p’dp=27x|—| =n- 0
'c[ 4 . 2 '[ 4 | 2

& 2 h
PG

J 1S a geometric property of the circular
area and is always positive.

<4
& . ”j:"
Common units used for its " ,

measurement are mm* and m4. )Z\
I Shear stress varies linearly along
each radial line of the cross section.
(a) (b)
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Power Transmission

Shafts and tubes having circular cross sections are often used to transmit power
developed by a machine. When used for this purpose, they are subjected to a torque
that depends on the power generated by the machine and the angular speed of the shaft

P =T.w=2xfT

T :[N.m]
J a1
fils ],[Hz ]
w:|rad |
bl gl A jgall A sglall Mechanics of Materials (EM3213)
+oONGLITH +oXOotHal+ | QROE M. E. GHANAMEH -14- of Automotive [ [ | A&
Université Internationale de Rabat 2017-2018



Angle of Twist

Occasionally the design of a shaft depends on restricting the amount of rotation or twist

that may occur when the shaft is subjected to a torque.
Furthermore, being able to compute the angle of twist for a shaft is important when

analyzing the reactions on statically indeterminate shafts.

y=p3? ~dg=Lx
dx

Jo,
_TX).o _ _TX®.p
7(X) = 300 =G.y(x) = y(X) = e
T (X).p
dp=3098 4 _ T
o, J(X)G
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Angle of Twist

Integrating over the entire length L of the shaft, we obtain the angle of twist for the
entire shaft, namely,

@ = angle of twist, in radians
7X) = internal torque at arbitrary position x, found from method of sections
and equation of moment equilibrium applied about shaft’s axis
AX) = polar moment of inertia as a function of x
G = shear modulus of elasticity for material
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Angle of Twist

Constant Torque and Cross-Sectional Area

In many cases:
> Shaft’s cross-sectional area A IS

J(X)G
constant.
» Material is homogeneous, so G is ¢:T_jdx
constant. 15y
> If the external Torque applied at ¢=T—[x l;
each end is constant ici
> If the internal Torque along the P=75
length of the shaft is constant.
e a7 [
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Angle of Twist

Shaft subjected to several different torgues along its length, or
the cross-sectional area or shear modulus changes abruptly
from one region of the shaft to the next.

_'-
JG

can be applied to each segment of the shaft where these quantities
remain constant.

The angle of twist of one end of the shaft with respect to the other
IS can be calculated as:

The equation ¢=

TL
$=2.75
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Axial Deformation < Angle of Twist

s P.L y T.
E . .J
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Sign Convention

Using the right-hand rule, the internal torque and angle will be
positive, provided the thumb is directed outward from the shaft
when the fingers curl to give the tendency for rotation.

< - y \]/ A
K.

+<b(X)

+T(>()
( +(x)
% W(%m)

Positive S|gn convention

for T and ¢.
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Example (1)

Engineering
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Statically Indeterminate Torque-Loaded Members

Consider a bar which is fixed
supported at both of its ends.

How It can be analyzed ?
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Statically Indeterminate Torque-Loaded Members

The equilibrium equation(s) are not
sufficient to determine the two
reactions on the bar.

This type of problem is called
statically indeterminate

[ I { ichoo'I)oI

erospace
Engineering

bl gl A jgall A sglall Mechanics of Materials (EM3213) =
+o@ALITH +eXOotHolt | QROGE M. E. GHANAMEH _24- of Automotive

Université Internationale de Rabat
2017-2018




Statically Indeterminate Torque-Loaded Members

A torsionally loaded shaft
may be classified as
statically indeterminate if
the moment equation of (&
equilibrium, applied about \‘
the axis of the shaft, is not

adequate to determine the 9
unknown torques acting on " " g
the shaft. (Y
(c) |
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Statically Indeterminate Torque-Loaded Members

In order to establish an additional
equation needed for solution, it is
necessary to consider how points

on the shaft twist. Specifically,an
equation that specifies the (@
conditions for twist is referred to

as a compatibility or kinematic
condition. In this case, a suitable N )
compatibility condition would

require the angle of twist of one C

end of the shaft with respect to @ CT

the other end to be equal to zero. 7,
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Statically Indeterminate Torque-Loaded Members

¢A/B =0
l :TA.LAC Tsles _ T,
Assuming that J and G is constant |
T :T_ B 'LCB SN
A
Lac (b) ()

Applying T, in the equation of equilibrium Cﬂ

T..L L L ) Ty
T2 T =0T, =T 25T, =T = ; (ﬁ
L L L
AC
(c)
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Solid Noncircular Shafts

For a shaft having a circular cross
section, due to the uniformity of the
shear strain at all points on the same
radius, the cross sections do not deform,

Shafts that have a noncircular cross
section, however, are not axisymmetric,
and so their cross sections will bulge
or warp when the shaft iIs twisted.
Evidence of this can be seen from the
way grid lines deform on a shaft
having a square cross section when the
shaft Is twisted.
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Solid Noncircular Shafts

Using a mathematical analysis based on the ii
theory of elasticity, however, it is possible to ﬂz\L%
determine the shear-stress distribution within a |
shaft of square cross section.

Because these shear-stress distributions vary in a
complex manner, the shear strains will warp the e
Cross section. =
In particular notice that the corner points of the
shaft must be subjected to zero shear stress and

therefore zero shear strain.
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Solid Noncircular Shafts

16T 5.09T 32T L 10.18T.L

T a0 Y TraG @G cowedion T °
Circular cross section Square
(,l | | 4817  7.10TL
A shaft having a circular cross - & 8G
section is most efficient, since it ki
is subjected to both a smaller Faulateralriangle
maximum shear stress and a af N« =L
smaller angle of twist than a ~
corresponding shaft having a Ellipse
noncircular cross section and h@ or B
subjected to the same torque. b mab?  7db’G
O GHANAMER - Jua:
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