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(2)
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Virtual Work for Deformable Body

Deformable
Body

Structures and structural
members deform

Different points of a structure will
suffer different virtual displacements

Virtual work produced by the
internal forces is not zero
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Virtual Work for Deformable Body

The total virtual work produced by applying a virtual displacement to a
deformable body acted on by a system of external forces is therefore given by:

W, =W, +W,

If the body is in equilibrium under the action of the external force system, then every

particle in the body is also in equilibrium.
Therefore, the virtual work is zero for all particles in the body, thus it is zero for the

complete body

Only the conditions of equilibrium and the concept of

0 :We _|_Wi work are employed.
= 1t’s not require the deformable body to be linearly

elastic
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Virtual Work for Deformable Body

virtual work may be applied to any body or structure
that is rigid, elastic, or plastic. The principle does
require that displacements, whether real or imaginary,
must be small, so that we may assume that external and
Internal forces are unchanged In magnitude and
direction during the displacements. In addition, the
virtual displacements must be compatible with the
geometry of the structure and the constraints that are
applied, such as those at a support.
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Work Done by Internal Force Systems

The calculation of the work done by an external force
IS straightforward In that it is the product of the force
and the displacement of its point of application in its
own line of action, whereas the calculation of the work
done by an internal force system during a displacement
IS much more complicated. Generally, no matter how
complex a loading system is, it may be simplified to a
combination of up to four load types: axial load, shear
force, bending moment, and torsion; these In turn
produce corresponding internal force systems.
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Work Done by Internal Force Systems

Consider the elemental

length, o6x, of a structural

member, and suppose that it

IS subjected to a poSItive  crosssectional
internal  force  system e s
comprising a normal force N;
a shear force, S; a bending
moment, M; and a torque, T,
produced by some external
loading system acting on the
structure of which the
member Is part. ‘s

b gll A—glgal A_aghal Aerospace Structural Analysis
+o@ AL +oXO0o Hol+ | QARSE |V| F GHANAMEH _6_

Université Internationale de Rabat

2017-2018



Axlal Force

The direct stress o, at any point in the cross section of the member is given by
Oy = %. Therefore, the normal force on the element A at the point (z, y) is:

SN, :ax.aA:NA—A&A

Suppose now that the structure is given an arbitrary virtual displacement 4,
which produces a virtual axial strain &, in the element. The internal virtual
work 6W; v done by the axial force on the elemental length of the member is

iven b
JVEn by W, = [dN A, = [ e dA g dx
] A A

A

j(SA:A

A

since

IN; =N ,g X
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Axilal Force

For a member of length L
N = dei'N :jN A &, 0X
L L
For a structure comprising a number of members

Wi\ = ZI N ,.&, dX Nonelastic as well as elastic materials

For linearly elastic material

GV N Vv
& =
E AE
— :E:.[ Pd A'Pdv (jx
) AE
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Shear Force

The shear stress T at any point in the cross section of the member is given by ©
Therefore, the shear force on the element §A at the point (z, y) is:

5S, =7 SA =,BSXA5A

Suppose now that the structure is given an arbitrary virtual displacement which produces a
virtual shear strain y,,, in the element. This shear strain represents the angular rotation in a
vertical plane of the element 0A X 6x relative to the longitudinal centroidal axis of the
member. The vertical displacement at the section being considered is, therefore, y,,, X 6x .

The internal virtual work 6W; ¢ done by the shear force on the elemental length of the

member is given by

N, s=[0S,A, :jﬂ%&A% dx
A A
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Shear Force

since _[5A =A

A

For a member of length L
MW, = ﬁ'J.SA'yV dx
L

For a structure comprising a number of members

W= Z ,B._[S A Y, dX Nonelastic as well as elastic materials
L

For linearly elastic material

Vv
G AG
S,.S
W g =D B.[=A2r dx
' ) AG
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Bending Moment

The bending moment, M, acting on the member section produces a distribution of
direct o,

The Normal force g,.. A

structure is given a small arbitrary virtual displacement which produces a
virtual direct strain ¢, in the element 64 X &x

W, = J.O'.dA.ngX
A

The virtual strain given by

gv = —y
RA
N,y = [odA. T dx
A A
since j oA =A moment of the normal force about the z axis M=cA.y
A
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Bending Moment

MW, =M.5x
’ RA
for a member of length L
Wi\ = IM.dx
L RA

For a structure comprising a number of members

iM = ZI—R 0Xx Nonelastic as well as elastic materials
L A
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Bending Moment

linearly elastic system

virtual curvature 1/R.may be expressed in terms of an equivalent virtual bending moment,
M., 1 M

\

R, EI
M, M
W, = ZI AV dx
! El
L
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Torsion

Engineering Engineering
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Hinges

In some cases, it 1s convenient to impose a virtual rotation, 6y, at some point in a
structural member where, say, the actual bending moment is M,. The internal virtual work
done by Myis then My.0y; physically this situation is equivalent to inserting a hinge at
the point.

Engineering
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Work Done by Internal Force Systems

internal virtual work for a linear system is

N, .N S, M M T, T
W, =Y jﬁdx + B R +J#dx +jGA—JV.dx +M,.6,

L L ’ L L p
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Sign of Internal Virtual Work

member is given a virtual extension

virtual work done by the applied load, P, is positive since the displacement, dv, is in
the same direction as its line of action. However, the virtual work done by the
internal force, N (=P), is negative, since the displacement of B is in the opposite
direction to its line of action

signs of the external and internal virtual work in Eqg. (4.8) would have been
reversed.

A B
P = O - it O » P
N=P
(a)
A B B’
P = O—— - O----- QO —»P
N=P
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Virtual Work due to External Force Systems

a structural member carries a distributed load, w(x), and at a particular point a
concentrated load, W and P; a moment, M ; and a torque,T. Suppose that at the point a
virtual displacement is imposed that has translational components, A, and A, ., parallel

to the y and x axes, respectively, and rotational components, 68, and ¢,,, in the yx and zy
planes, respectively.

7 W

Aerospace Structural Analysis
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Virtual Work due to External Force Systems

If we consider a small element, §,, of the member at the point, the distributed load may be
regarded as constant over the length &6, and acting, in effect, as a concentrated load
w(x).d, The virtual work, w(x).d,, done by the complete external force system is
therefore given by

W, =W A,  +PA,, +M.6 +T 4 +[w ()4, dx
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Virtual Work due to External Force Systems

For a structure comprising a number of load positions, the total external virtual work
done is then

w,=> WA +PA +M.g +T 4 +_fw (X)4, , dx

We could, of course, have forces and moments and components of the virtual
displacement in a horizontal plane, in which case this equation would be
extended to include their contribution.
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Example 1

Determine the bending moment at the point B in the simply
supported beam ABC shown below

w
A B C
| |
a b
|
L
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Example 1

Bl ylA gl A sglall Aerospace Structural Analysis St
+o®AoLIEH +oXOokHolt | QROE M. E. GHANAMEH _22_ o?A?Jct)omotive 3‘;’:3;’,',;’&

Université Internationale de Rabat
2017-2018

Engineering Engineering



Example 2

Determine the force
member AB In the truss shown

below.

C 30kN
] R
In the
4m
10kN
B 2 > __X__
4m
A
Y

= | I | | B S— L1 | R — ||
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Example 3

Determine the vertical deflection of the free end of the cantilever
beam shown below

N A A

A Ve B

L »x -l
L
re

MMM
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Example 4

Determine the rotation, i.e. the slope, of the beam ABC shown

w
A B C
{ /;/\
El
:%A 7
wi tw
2 2
X 12 »‘_ L/2
g L
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Example 3

Calculate  the  vertical
deflection of the joint B
and the horizontal
movement of the support D
In the truss shown.

The cross-sectional area of A D
each member is 1800 mm?2 77§>7 B C
and Young’s modulus, E, y100 kN
for the material of the el Sl e
members is 200 000

N/mm2.

40 kN
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