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_ecture ODbjectives

v Derive equations for transforming ™% ——
stress components between ﬁ"” “
coordinate systems of different Y. \\ 7* e \ .
orientation '_ e ’”’

v Use derived equations to obtain the
maximum normal and maximum
shear stress at a point

v Determine the orientation of elements upon which the maximum
normal and maximum shear stress acts

v Discuss a method for determining the absolute maximum shear
stress at a point when material is subjected to plane and 3-
dimensional states of stress
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_ecture Outline

v Plane-Stress Transformation
v General Equations of Plane Stress Transformation

v Principal Stresses and Maximum In-Plane Shear
Stress

v Mohr’s Circle — Plane Stress
v Absolute Maximum Shear Stress
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Plane-Stress Transformation

General state of stress at a point is characterized by six independent
normal and shear stress components.

In practice, approximations and simplifications are done to reduce
the stress components to a single plane.

General state of stress Plane stress
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Plane-Stress Transformation

There is no load on the surface of a body, then the normal and
shear stress components will be zero on the face of an element that
lies on this surface. Consequently, the corresponding stress
components on the opposite face will also be zero, and so the
material at the point will be subjected to plane stress.

General state of stress Plane stress
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Plane-Stress Transformation

The state of plane stress at the point is uniguely represented by
two normal stress components o,, o, and one shear stress
component z,, acting on an element that has a specific
orientation at the point.

y

A (Ty

—t 5 Ty
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Plane-Stress Transformation

Force component’s magnitude and

Force : .

- direction

O

T

S

o

%

S Stress component’s magnitude and

— Stress direction and the orientation of the area
upon which each component acts
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Plane-Stress Transformation

Sign Convention:

First we must establish a sign convention for the stress components.

To do this the +x axes are used to define the outward normal from a
side of the element. Then and o, are positive when they act in the
positive x directions, and t,., are positive when they act in the positive
y and directions.

The orientation of the plane on which the normal and shear stress
components are to be determined will be defined by the angle 8, which
IS measured from the +x axis to the +x" axis,
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Plane-Stress Transformation

_yn

If the state of stress at a point is known for ——

a given orientation of an element of _+ F
material.

The state of stress in an element having
some other orientation, can be determined
using the following procedure:
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Plane-Stress Transformation

To determine the normal and shear stress
components o, and 7, acting on x’ the face of

the element, section the element. y\ |

If the sectioned area is 4A then the adjacent areas AAcos 50— x

of the segment will be: AA. cos@, and AA. siné. N T4
(AA sin 6

Draw the free-body diagram of the segment, which
requires showing the forces that act on the TiAA cosO | Lo TeAA
segment. This i1s done by multiplying the stress )

. TwAAcCosHY
components on each face by the area upon which : —
TxyAA sin 6
they act. yoa s
YO,AAsin 6
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Plane-Stress Transformation

) e ) y
Apply the force equations of equilibrium in the and \
directions. The area will cancel from the equations ad
and so the two unknown stress components and o AA cos §

can be determined. )
TywAA cos 0

-

T.xyAA sin @
— YOo,AAsinf
ZFX, =0= y

o, -AA —o, AA.cos6.cosO -z, .AA.cosO.sinf—o, AA.sing.sind -z, .AA.sin0.cosd =0

o,. =0,.C0s" @ +0,.sin° 0 +27,,.c0s 0.5in O

Y F.=0=

T,y-AA + 0, AA.cosO.sinf -1, .AA.c0s0.cos @ — o, .AA.sin.cos 0 + 7, .AA.sinO.sind =0

7,y =—(0, —0, )cosd.sind+r,, (cos® @ —sin’6)
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Plane-Stress Transformation

N\

sin 28 =2sin@cos @

sin”@=(1-cos26)/2 | |0, =0,.c08° 6+0,.5in" 0 +27,,.C0s0.5in O

dll
cos® 6 =(1+c0s260)/2 | |z, =—(o, —0, )cosB.sinO+7,, (cos* 6 —sin’0)
€0s 260 = cos” & —sin” 6|

o,+o, o,—-0, _
o, = ; + ; C0s 20 +z,, sin 20
—
o, —0, .
T,y =—————SIn20+7,, C0S20
y
L 2
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Plane-Stress Transformation

Consider a segment of the element and follow the same \
procedure. Here, however, the shear stress does not have TyN Toy o
to be determined if it was previously calculated, since it is f 4_.@

complementary, that is, it must have the same magnitude
on each of the four faces of the element.

Ty

Y F.=0=
o, .AA —o, AA.sind.sind+z, .AA.sinf.cosd—o, .AA.cosd.cosd +7,, .AA.cosd.sind =0

o, =0,.5in°0+0,.c0s* O +27,,.c056.5in O

o, =0,.(1-c0s20)/2+0,.(1+c0s20)/2-7,, sin 20

_o,+to, o,-0O

Oy =———- 2y00329—fxysin2<9
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Plane-Stress Transformation

O, +Gy O, —O'y )
o, = + cos260+r, sin 20
X 2 2 Xy
O, -|—O'y O, —O'y .
o, = — cos260 -z, sin 20
y 2 2 y
O, —()'y )
Ty =— sin26+r, cos 260
Xy 2 Xy
fﬁi‘i Ku::l]mbg Aerospace Structural Analysis
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Principal Stresses and Maximum In-Plane
Shear Stress

It can be seen that the magnitudes of o,, and z,/, depend on the
angle of inclination 6 of the planes on which these stresses act. In
engineering practice it i1s often important to determine the
orientation of the element that causes the normal stress to be a
maximum and a minimum and the orientation that causes the shear
stress to be a maximum.
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Principal Stresses and Maximum In-Plane
Shear Stress

In-Plane Principal Stresses

doy - 222" % gjn 20+2t,, c0s20
do 2 y _ Tyy

- = tan 20, =
dax':ojgzgp (0, -0y))2

Aerospace Structural Analysis
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Principal Stresses and Maximum In-Plane
Shear Stress

In-Plane Principal Stresses

The solution has two roots 265, 2605, Where 26,,=20p,+ © and then 8p,=0p,+ /2

(o2, |
T a
xy Oy~ 0,
1 2
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Principal Stresses and Maximum In-Plane
Shear Stress

In-Plane Principal Stresses

_o,+t0, 0O,-0

o, = + Y cos20+r7.. sin26
X 2 2 Xy
o, —O,
O'X +Gy GX —Gy 2 Txy
O, = *

2
O, +0 O, — O
_ X y X y 2
o, =——t || 2L +7)
2 2
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Principal Stresses and Maximum In-Plane
Shear Stress

In-Plane Principal Stresses

X O-y -
7, =———SINn20+17,, C0S20
2 y
o, — 0,
O, —O T
X
T, =——— i +7,, 2 =0
2 O O ’ O, — O ’
X y 2 X y
+7 Xy +7 Xy
2 2
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Principal Stresses and Maximum In-Plane
Shear Stress

Maximum In-Plane Shear Stress.

The orientation of an element that Is subjected to maximum shear
stress on its sides can be determined by taking the derivative of
T,y EQ. with respect to 6 and setting the result equal to zero. This

gives

N
2 "% sin26 20
- = tan 26, =
dz,, Tyy
=0=0=0,
d 9
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Principal Stresses and Maximum In-Plane
Shear Stress

Maximum In-Plane Shear Stress.

The solution has two roots 264, 265, where 265,=260¢,+ 7 and then 85,=0¢,+ /2

T
T 2931 ((Tx o (Tv)
Ty ) 2
l 26 v
—T
— X
B (o'x o'y) y
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Principal Stresses and Maximum In-Plane
Shear Stress

Maximum In-Plane Shear Stress.

N

TX
tan 26, = .

(O'X -0, )/2

g, 1) U
|

Xy )

» =  tan 260 is the negative reciprocal of tan 26,

an element subjected to maximum shear stress
will be 45° from the position of an element that
IS subjected to the principal stress.
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Principal Stresses and Maximum In-Plane
Shear Stress

Maximum In-Plane Shear Stress.

O, —O .
7., =———Ysin20+r. cos26
xYy 2 Xy

o, —O,

T =— +7

max lane 2 2 W 2
P O, _O-y 2 O, _Gy 2
———— | +71y ——— | +71y
2 2
O O ’
_ x "y 2
S
in—plane 2
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Principal Stresses and Maximum In-Plane
Shear Stress

Maximum In-Plane Shear Stress.

_o,to, o0,-0

o, = + *-C0826 +1,, Sin 26
2 2
o, — 0,
_o,+to, 0,-0, Ty - 2
O, = + Ty
2 2 2 y 2
o, =0, 5 o, =0,
5 +7 Xy 5 +7 Xy
o, +o,
Oy =0y =0, =
2
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Mohr’s Circle Plane Stress

X y Gy i
o, = + > C0s 20 +z,, sin 20

O Gy .
7., =———2s8In20+1. C0S260
Xy 2 Xy

o,+o, o0,—0O

o, — = ——-00826 +7,, Sin 20
2
GX — O'y )
T, =———SIn20 +7,, C0S260
XS/ 2 Xy
+ O ’ O o) ’
G —
o, ———L | +7° =| Z—L | +7°

2 & 2 ”
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Mohr’s Circle Plane Stress

(0' % )2+72 =R*{ 2
X' avg XYy GX — Gy 9
R = +7
2 &
.
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Mohr’s Circle Plane Stress

Construction of the Circle .

If we establish _+ +_

coordinate axes, g,
positive to the right

and T, positive )0

downward, and then
plot the equation

B ‘172 _R?2
Oy O-avg Txy,_

\ 4
T
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Mohr’s Circle Plane Stress

Construction of the Circle L
Using the positive —} +—
sign convention for 5
0y , 0y and 7, plot |
the center of the ¢ o

circle C, which 1is
located on the axis
at a distance

C:(0avg, 0) from the

A 4

origin.
Oag :(GX +0, )/2
\ 4
T
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Mohr’s Circle Plane Stress

Construction of the Circle

Plot the “reference point” —} *‘
A having coordinates
A0y, Tyy).

This point represents the :
normal and shear stress
components on the Txy
element’s right-hand
vertical face, and since the >
X axis coincides with the 7 (040, )2
x> axis, this represents 0 Oy |
=0 \
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Mohr’s Circle Plane Stress

Construction of the Circle

Connect point A with
the center C of the
circle and determine CA
by trigonometry. This

distance represents the
radius R of the circle,
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Mohr’s Circle Plane Stress

Construction of the Circle
Once R has been
determined, sketch the
circle
Oy ]
\4
T
MW E chaNAvEr 31

2017-2018



Mohr’s Circle Plane Stress

Principal Stress

The principal stresses op; and
op,(0p1 = 0p,)  are the
coordinates of points B and D counterclockwise
where the circle intersects the | D 9
axis o, l.e., wheret =0 / >
These stresses act on planes

defined by angles 68p,,; and 20p,
Op,, represented on the circle
by angles measured from the Op2

radial reference line CA to ~
lines CB and CD, respectively.

N

<€

T
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Mohr’s Circle Plane Stress

Maximum In-Plane Shear Stress

The average normal
stress and maximum In-
plane shear stress
components are
determined from the
circle as the coordinates
of either point E or F.

the angles and give the
orientation of the planes
that contain these
components.

{ru\’g
F Yy

’ (‘—.\ ’\")ma.\

in-plane
X
J 0,
\ (r;‘\g \
x'

C o
>
Q
g
8
clockwise A &
" E
O-av
v g
T
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Mohr’s Circle Plane Stress

Stresses on Arbitrary Plane

To locate P, the known
angle 6 (in this case
counterclockwise), must
be measured on the circle

F

In the same direction 20,
from the radial reference
line CAto the
radial line CP

A 4

O-avg
\4
T
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Absolute maximum shear stress

: o; and o, have the same sign
< g material to be subjected to the in-plane
principal stresses g; and og,where both of

\(72 .
A these stresses are tensile

X y

x—y plane stress

Z Z

y

P

-~ — 1 [# #]
o
l y x
' (©
b
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Absolute maximum shear stress

For all three circles, it is seen
that although the maximum
In-plane shear stress Is

Tx'y’ = (0'1 — 0'2)/2
This value 1s not the absolute

o; and o, have the same sign

maximum shear  stress.
Instead, from the figure

Tabs — 0'1/2
max

The absolute maximum shear
stress will occur out of the
plane

)
0 ’j\ 01 7
(T ’z’)max \
y ,—/\( )

/ (Tx’z’)max \ . .
Maximum in-plane

Absolute maximum shear stress

shear stress

. bl A jgall A sglall Aerospace Structural Analysis
LT

+o@ALUZ+ +oXOoHolt+ | QRSE
Université Internationale de Rabat

)

M. F. GHANAMEH -36- of Aomotive
2017-2018



Absolute maximum shear stress

: o; and o, have the opposite signs
< 7 material to be subjected to the in-plane
principal stresses oy Is tensile and o, IS

\0'2 -
A compression.

X y

x—y plane stress

y < Z
|
— - DG I{:j D S
1
o] — 1
T x y x
@ ) ©
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Absolute maximum shear stress

For all three circles, it is seen
that the maximum in-plane
shear stress IS

Tx'y’ = (0'1 — 0'2)/2
Equal to the absolute

o; and o, have the opposite signs

maximum shear stress.

T

Ok

~, HH\\\
““‘*“‘”"/// (szonmx
(waanmx

.

Maximum in-plane and
absolute maximum shear stress
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Engineering Engineering
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Absolute maximum shear stress
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